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Abstract We derive an upper bound on the free energy of a Bose gas at density o and tem-
perature T'. In combination with the lower bound derived previously by Seiringer (Commun.
Math. Phys. 279(3): 595-636, 2008), our result proves that in the low density limit, i.e., when
a’o <« 1, where a denotes the scattering length of the pair-interaction potential, the leading
term of Af, the free energy difference per volume between interacting and ideal Bose gases,
is equal to 4 a(20? — [0 — 0.1%). Here, o.(T) denotes the critical density for Bose-Einstein
condensation (for the ideal Bose gas), and [-]; = max{-, 0} denotes the positive part.

Keywords Bose gas - Free energy - Variational principle

1 Introduction

The ground state energy and the free energy are the fundamental properties of a quantum
system and they have been intensively studied since the invention of the quantum mechan-
ics. The recent progresses in experiments on Bose-Einstein condensation, especially the
achievement of Bose-Einstein condensation in dilute gases of alkali atoms in 1995 [1], have
inspired re-examination of the theoretic foundation concerning the Bose system, e.g., [3, 4,
6,9, 11-13, 18] and [17] on ground state energy and [15] on free energy.

In the low density limit, the leading term of the ground state energy per volume was
identified rigorously by Dyson (upper bound) [2] and Lieb-Yngvason (lower bound) [13] to
be 4map?, where a is the scattering length of the two-body potential and o is the density.
We note that 4mag? is also the first leading term of AE, the ground state energy difference
per volume between interacting and ideal Bose gases. (The ground state energy per volume
of the ideal Bose gas is zero.)

On the other hand, the first leading term of Af, the free energy difference between
interacting and ideal Bose gases, is the second leading order term of the free energy per
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volume f. More specifically, if a0 <« 1, where a denotes the scattering length of the pair-
interaction potential, then

[ T)= fole,T) +4ma20® — [0 — ¢13) +o(ao®) (1.1

Here, f is the free energy per volume of the interacting Bose gas, fj is the one of the ideal
Bose gas, 0.(T) denotes the critical density for Bose-Einstein condensation (for the ideal
gas), and [-]1 = max{-, 0} denotes the positive part. The lower bound on f has been proved
in Seiringer’s work [15]. In this paper, we prove the upper bound on f and obtain the main
result (1.1).

The trial state we use in this proof is of a new type, which was first used in [17]. Let ¢g
be the ground state of the ideal Bose gas. In [17], we constructed a trial state (pure state)
for interacting Bose gases which is obtained by slightly modifying a state of the following
form,

exp [Z Z 2\/AkH/ZX,kﬂ/zazﬂ/zaikﬂﬁavao + Z cka;aikaoao} [bo) (1.2)

k~1 v~ /5 k

(with suitably chosen ¢ and A). Here the notation A ~ B means that A and B have the
same order. The expression of (1.2) is simple but it is hard to use itself for our calculation in
[17]. If one tried to write (1.2) with the occupation-number representation as (for calculating
interaction energies)

D fala), (1.3)

he will see that it is very hard to calculate f;,’s. Therefore in [17], we constructed a trial state
> f; |a) by defining fa directly. The f;’s have many properties, which have no physical
meaning but can simplify our proof. E.g. if the state |«) contains a particle with extremely
high momentum, then f; = 0. Furthermore, the trial state ) _, faloz) is very close to (1.2)
i.e., for some ¢ > 0,

D 1 fa = fulPleler) < 0. (14)

This basic idea will be used again in this paper.

This trial state (pure state) in [17] is used to rigorously prove the upper bound of the
second order correction to the ground state energy, which was first computed by Lee-Yang
[8] (see also Lee-Huang-Yang [7] and the recent paper by Yang [16] for results in other
dimensions. Another derivation was later given by Lieb [10] using a self-consistent closure
assumption for the hierarchy of correlation functions.)

We can rewrite the pure state (1.2) as follows

(1.2) = Po,0) Poo, /a) 190} (1.5)

where

Po.0) = exp [Z Cka;aiklloao]

k~1

(1.6)

Po. o) = EXP[Z Z 2y )‘k+v/2)‘-—k+v/2az+v/2aik+v/2avao:|

k~1v~./0
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We note: P represents the interactions between condensate and condensate, since in the
operator aZ a’ «dodo two particles with momenta zero are annihilated (apao) and two parti-
cles with high momentum are created (az'aik). Similarly P, /5 represents the interaction
between condensate and the particles with momentum of order ¢'/?, since in this operator
one particle with momentum zero and one with momentum of order o!/? are annihilated
(ayap) and two particles with high momenta are created.

In this paper, we construct a trial state of a similar form. More specifically, let I'; be
Gibbs state of the ideal Bose gas at temperature 7. The trial state we are going to use is very
close to

I~ (P(Ql/3,91/3)P(0791/3)P(0_0)) r; (P<Q|/3,Ql/3)P((),Ql/s)P(oyo))T (1.7)
where

Z +
Po,0) =¢exp ckaka_kaoao]
Lk~1

P13 = exp Z Z 2\/kk+v/2)»—k+v/2a2+u/2aik+v/2av“0} (1.8)

Sk~ yepl/3

_ T T
P13 4173) = exp E E )‘k+%)‘—k+%ak+v%¢aik+%avau]
Sk~ ytymgl/3

where the constant 2 comes from the ordering of ayay. As one can see, P represents the
interactions between condensate and condensate, P ,1/3) represents the interaction between
condensate and the particles with momentum of order Ql/ 3 and P13 4173, represents the
interaction between the particles with momentum of order o'/3.

2 Model and Main Results
2.1 Hamiltonian and Notations

We consider a Bose gas which is composed of N identical bosons confined to a cubic box
A of side length L. The Hilbert space Hy_ 5 for the system is the set of symmetric functions
in L2(A"). The Hamiltonian is given as

N
Hya==) A+ D Vii—x) @.1)

i=1 I<i<j<N

Here x; € A (1 <i < N) is the position of ith particle. The two body interaction is given by
a spherically symmetric non-negative function V, such that ||V ||, < 00, as in [17] and [3].
In the proof on the lower bound of the free energy, [15], the V is assumed to have a finite
range Ry, i.e., V(r) =0 for r > Ry. Therefore we will also use this assumption in this paper.
In particular, it has a finite scattering length, which we denote by a.

We note that the interaction only depends on the distance between the particles. As usu-
ally, we denote by Hy , (Hy ) the Hamiltonians with periodic (Dirichlet) boundary con-
ditions. (Here x; — x; in (2.1) is really the distance on the torus in the periodic case.)
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686 J. Yin

In periodic case, we can also write Hamiltonian with creation and annihilation operators
as follows. The dual space of A is A* := (ZT”Z)3. For a continuous function F on R3, we
have

—00 d
= Z F(p) = |A| 3 F(p) T 3#%) 22)

PpEA*

The Fourier transform is defined as

~ . 1 PN
V,= / PV @y, V) =— Y MV,
A [A] &
pEe
and then
1

— ) e =3pa(x), / e"*dx = 8,+(p)
[A] A

peA*

where 83 (x) is the usual continuum delta function and the function dx«(p) = |A| = L3 if
p = 0 (otherwise it is zero) is the lattice delta-function. We will neglect the subscript; the
argument indicates whether it is the momentum or position space delta function. In general
we will also neglect the hat in the Fourier transform. To avoid confusion, we follow the
convention that the variables x, y, z, etc. denote position space, the variables p, ¢, k, u, v,
etc. denote momentum space. We also simplify the notation

2= 2,

peA*

i.e. momentum summation is always over A*. We will use the bosonic operators with the
commutator relations

1 ifp=gq

1 — ¥ T _
a,,al=a,a —a'a,= :
la,, a1 g q"p {0 otherwise.

Thus our Hamiltonian in the Fock space Fp = @yHy, A is given by
P 2 atat
Hy = Z pa 1? ap + |A| Z apaydp—ulq-tu 2.3)

2.2 Free Energy

The free energy per unit volume of the system at temperature 7 = 8~! > 0 and density
0 = N/|A| > 0 in the cubic box A is defined as

fle. A p)=— In (Try , Exp(—BHy,a)) (2.4)

1
|AIB
Let fP(0,A,B) and fP(o, A, B) denote the free energy per unit volume of the system
with periodic or Dirichlet boundary conditions. Furthermore, we denote by f (o, B) the free

energy (per unit volume) in the thermodynamic limit, i.e., |[A|, N — oo with o = N/|A|
fixed, i.e.,

ffPe.p= lim f"P (. A B) 2.5)
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Free Energies of Dilute Bose Gases: Upper Bound 687

As mentioned in the introduction, in this paper we give an upper bound on the leading order
correction of f (o, B), compared with an ideal gas, in the case that a®o is small and B0*/? is
order one. We note that a3¢ and Bo*? are dimensionless quantities.
2.3 Ideal Bose Gas in the Thermodynamic Limit
In this section, we review some well known results on ideal Bose gases. In the case of van-
ishing interaction potential (V = 0), the free energy per unit volume in the thermodynamic
limit can be evaluated explicitly. Let ¢ denote the Riemann zeta function. It is well known
that when 0?38 > (4m)~'¢(3/2)%73, i.e., o is greater than critical density o,

0> 0.=@np) 7t (3/2) (2.6)

the free energy in the thermodynamic limit is given as

1
7P = Gy /R (- @.7)

On the other hand, when o < o,

fo'" 0. By =om+ —(27:)3 3 fR In(l— e 7ap (2.8)

Here (o, B) < 0 is determined by

1 1 3
€= 2m)3 /]1&3 eBPP—1) — ld p (2.9

Note: when o > o, (o, B) is defined as zero.
It is easy to see the scaling relation:

1P B) =0 £, (1,07 B)

and the ration g./o only depends on dimensionless quantity 0?38, i.e.,

0c/0 = (4m) 5 (3/2)(0* )7 (2.10)

Let B(p) be a function of o, we define R[S] as the ratio o,/ in the limit o — 0, i.e.,
. . _ -3/2
RIBI= limoc(B) /0 = lim(4m)~0(3/2) (")) @.11)

2.4 Scattering Length

In this paper, we use the standard definition of scattering length, as in [3, 4, 6, 13, 15, 17,
18]. Let 1 — w be the zero energy scattering solution, i.e.,

—A(l—w)-l—%V(l—w):O (2.12)

with 0 <w < 1 and w(x) — 0 as |x| = oo. Then the scattering length is given by the
formula

a:= P . %V(x)(l —w(x))dx (2.13)
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With (2.12), we have, for p #£0,

1
wp:|:§\/(1 —w)] Ip|~2. (2.14)
P

Because V(1 — w) > 0, so for Vp,
va—w,|< f V(1 —w).

Then with (2.13), i.e., f %V(l — w) is equal to 4 a, we obtain the following bound on w,
|w,| < 4malp|™ (2.15)

Furthermore, when V is C* function with compact support, one can easily prove that

dw,
‘ ad < const. (|p| 7+ |p|?) (2.16)

Here the constant only depends on a and Ry.
2.5 Main Results

Theorem 1 Let V(x) > 0 be a bounded, piecewise continuous function with compact sup-
port. In the temperature region where lim,_, 0**B(0) € (0, 00) and in the thermodynamic
limit, we have the following upper bound on the free energy difference per volume between
the interacting Bose gas P (o, B) and the ideal Bose gas fOD (0, B):

limg_o (£ (0. B) — f3 (0. B)) 0% <4ma(2 —[1 — RIBI). (2.17)

where R[] is defined in (2.11) as the ratio o./o in the limit o — 0, and a is the scattering
length of V.

It is well known that the effect of boundary conditions for free particles in the thermody-
namic limit is negligible, i.e.,

fole. B = 1. B) = 1y (0. B) = fy' (0, B) = fy' (e, B) (2.18)

where N denotes Neumann condition and R denotes Robin boundary condition: du/dv =
—au (for some given constant o > 0, with v denoting the outward normal).
On the other hand, the Propositions 2.3.5 and 2.3.7 of [14] show that

P B =r"ep=r"0ep=rep. (2.19)

Therefore, with the results on lower bound in Seiringer’s work [15], we can obtain the fol-
lowing result.

Corollary 1 Under the assumption of Theorem 1, in Dirichlet, periodic, Neumann and
Robin boundary condition, we have:

lim (fPNPRo, B) — folo. B)) 0> =4ma2—[1 — RIBITL). (2.20)
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3 Basic Strategy
3.1 Reduction to Small Torus with Periodic Boundary Conditions

To obtain the upper bound to the free energy, we can use the variational principle, which
states that, for any state I'?") (Hy — Hy) in the domain of H 11\?, (f) (we will omit these su-
perscripts of H since it will be clear from the context what they are), the following inequality
holds.

fD(P)(Q7 A, ﬂ) < | | TrHNA HN AFD(P) |A|IBS(FD(PJ) 3.1
Here, S(I') = —TrT"'InT" denotes the von Neumann entropy. Hence, to prove Theorem 1,
one only needs to construct a trial states ['? (g, A, B) satisfying Dirichlet boundary condition
and the following inequality:

_ 1 1
lim,_ olim A - 0o TrHy n,T? — ——S(T'?) — £P (o, 2
im,_,olimyy, (|A| T Hy s AP T = fo.B))e

<4mwa2—[1-RIBI) (3.2)

Furthermore, the proper trial states in the thermodynamic limit (A — o0) can be constructed
by duplicating the proper trial states in the small boxes (|A| = 0~¢, ¢ > 2) with Dirichlet
boundary condition. (Let the distance between the adjacent small boxes be R,. Therefore
there is no interaction between different boxes.) Hence, the following Proposition 1 implies
our main result, Theorem 1.

Note: Late we will choose the volume of the small box as o , where ¢ is a small pos-
itive number. As one can see that, when size of the box is too small, the Dirichlet Boundary
condition will affect (increase) the (total) free energy. When the volume of the small box is
0O(0™?), we noticed that we can not prove that the effect of Dirichlet Boundary condition is
much less than the effect of the interaction. Therefore, to study the effect of the interaction,
we have to choose the volume of the small box as o~2~¢

—2—¢

Proposition 1 In the temperature region where lim,_.q 0*3B(0) € (0, 00), for fixed scat-
tering length a, there exist A with |A| > 0~*/?° and trial states TP (o, A, B) satisfying the
Dirichlet boundary condition and the inequality (set N = |A|o)

— 1
Tim, . <W Tr Hy AT — ——S(I'?) — £ (o, ﬁ)>

|A|/3
<4ra2—[1-R(PBL), (3.3)

where R(B) is defined in (2.11).

Here the number 41/20 in the assumption can be replaced with any number larger than 2.
On the other hand, the next lemma shows that a Dirichlet boundary condition trial state
with correct free energy can be obtained from a periodic trial state in a slightly smaller box.

Lemma 1 Let the volume |A| be equal to 0=*/?°. In the temperature region of Theorem 1,
if
f7 (e, A, B) < const. 0”7, (34)
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690 J. Yin

then for the revised box A* and density o*, defined by
|A*] = |A|(1 4 20%1/120)3, 0" = o(1 +20%1/120)73, (3.5)
we have fP(o*, A*, B) bounded from above as follows
limg—o (f7(@" A", B) = f(@. A. ) e™? <0 (3.6)

Lemma 1 can be proved with standard methods as in [17] and we postpone the proof to
Sect. 12.1.

We note: |A*| > (0*)™/?, and satisfies the assumption in Proposition 1. The construc-
tion of a periodic trial state yielding the correct free energy upper bound is the core of this
paper. We state it as the following theorem, which gives the upper bound on f¥ (o, A, B) in
(3.4) and (3.6).

Theorem 2 Assume lim,_.o0*?p € (0, 00). For |A| = 0~*/?° and N = |A|o, there exists
a periodic trial state I (o, A, B) satisfying

_ 1 1 _
lim, ¢ (W Tr HyT' — WS(F) - . ﬂ)) 0 <4ma—[1-R[B1}) (3.7

It implies
limg—.o (f” (. A B) = f¢ (0. B)) @7 <4ma(2 — [1 - RIBIIY) (3.8)
3.2 Proof of Proposition 1

To prove Proposition 1, we can directly apply Lemma 1 and Theorem 2. Lemma 1 shows
that the upper bound of the free energy (with Dirichlet boundary conditions) is sightly larger
than the one (with Periodic boundary conditions) in a slightly smaller box. In the smaller
box the density is sightly increased. But the temperature is unchanged. Therefore the relation
between temperature and density is different from the one in the initial small box. In this
subsection, we will show that this difference will not affect our result(up to the order o?).

Proof of Proposition 1 Using the temperature function § in the assumption of Proposition 1,
we define a new temperature function 8 as follows

B: B =B, (3.9)
where 0* = o(1 4+ 20*/129) 73 as in (3.5).

Insert the result in Theorem 2 into Lemma 1. With the definition of A*, o* in Lemma 1
(3.5), we obtain at the inverse temperature (o),

im0 (20" A% B) = 1 (. B)) 07> < 4ma @~ [1 = RIBI). (3.10)

Since 0* = o(1 + 0(0'/?)), we have the following equalities on the free energies of ideal
Bose gases in the thermodynamic limit:

@ B =1L, B) = f " B +0(0")). (3.11)
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Therefore, we can replace f; (o, B) in (3.10) with £’ (0%, B), i.e.,

img—o (20", A ) = fP(e". B)) 02 < 4ma2 — [1 = RIAILD). (3.12)

Then by the definition of B in (3.9), we obtain R[] = R[B], so
limyo (fP (@, A%, B(@") — [ (@, B(@")) 0> < 4ma2 —[1 — RIBI)
= 4ma(2—[1 - RIBI)

Finally, using that A* > (Q*)_% and the fact that the limit o — 0 is equivalent to the limit
o* — 0, we arrive at the desired result (3.3). O

3.3 Outline of the Proof of Theorem 2: Reduction to Pure States

As we showed in Appendix, for any non-negative, bound, piecewise continuous, spherically
symmetric function f supported in unit ball, there exist C* non-negative, spherically sym-
metric function fi, f, ... supported in the ball of radius 2, such that for any i > 1,

fi—f=0 and lim|f;— flli—0 (3.13)
1—>00

Therefore, for any ¢ > 0, there exists a C* function V¢ with compact support such that
V& >V and the scattering length of V¢ is less than a + ¢. By the definition of free energy
and the variational principle,

fle.B.N) = f (0. B, N) (3.14)

where f° corresponds to the Bose gas with interaction V¢. Therefore to prove Theorem 2
and (3.7), we only need to focus on the V’s that are C*°-functions and have compact support.
Hence in the remainder of this paper we assume that V' is C*°.

In this subsection, we introduce the basic strategy of proving Theorem 2. With the as-
sumption of Theorem 2, we have

2

A=[0,L], L=0o®, N=o0"% and 11%92/356(0,00). (3.15)
o—>

We first identify four regions in the momentum space A* which are relevant to the con-
struction of the trial state: P, for the condensate; P; for the low momenta, which are of the
order o'/3; Py for momenta of order one; and P; the region between Py and Py .

Definition 1 (Definitions of Py, P;, P; and Py)
Define four subsets of momentum space A* = 2w L™'Z)3: Py, P;, P; and Py as follows.

Py={p=0}

Pi={peA*:0<|p|l<e0"’}

(3.16)
Po={peA e’ <|pl<n;'0"’}
Py={peA*:ey <Ipl<ng'},
where the parameters are chosen as follows
e L, €, ng=0" and n=1/200 (3.17)
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692 J. Yin

We remark that the momenta between P; and Py are irrelevant to our construction and
n can be any positive number less than 1/200. When V = 0, most particles have momentum
in Py U P; U P.. When we turn on the interaction, pairs of these particles are annihilated
and usually pairs of particles with momenta of order one will be created.

Next, as in [17], we define some notations for the states and subsets of the Fock space.
Using the occupation number representation, we describe a state in Fock space with a func-
tion mapping from momentum space to integers.

Definition 2 (Definitions of Py, P;, P; and Py)
Let P denote Py U P, U P; U Py. We define M as the set of all functions o : P — NUO
such that

Za(k) =N (3.18)

keP

For any « € M, denote by |a) € Hy. A the unique state (in this case, an N-particle wave
function) defined by the map «

ey = C [ [@))*®10),

keP

where the positive constant C is chosen so that |«) is L,-normalized.
Moreover, we define M as the following subset of M

M = {a € M|supp(a) C PyU P; U P, and a(k) < m, for Vk € P}, (3.19)

where m. is defined as

me=g =g (3.20)

Clearly, we have

alala) =a(k)|a), Vke P (3.21)

The states corresponding to the functions in M, (3.19), have no particle with momentum
of order one, and there is a restriction on the particle number. But when V = 0, the total
probability of finding the states corresponding to M is almost equal to one.

Furthermore, as follows, we can construct a trial state I'y, with «’s in M, satisfying (3.7)
with 4 a replaced with ng %de in the r.h.s. of (3.7). We postpone the proof of the next
lemma to the Sect. 12.2.

Lemma?2 For A=[0,L)?, L = Q_%, N = Q_% and lim,y_, o 023B € (0, 00). There exists
a state Ty (0, B) having the form: (g, (0, B) € R)

To=Y gulo. Bladal, D g0 p)=1, (3.22)

aeM aeM

and satisfying

— 1 1 1
limgo (W TrHyI'o — WS(FO) — Jfolos ﬁ)) 0’ < EVO(Z —[1-RIBIZ) (3.23)

@ Springer



Free Energies of Dilute Bose Gases: Upper Bound 693

Furthermore, the coefficient function g, satisfies

lim Z N72Nygy =2—[1-R(B)L (3.24)

OtEM

where we defined N, € R (0 € M) as

N, = a(0)a(0) + Z 20w)a(v), aeM (3.25)

u,vePLUPy, u#tv

We remark: actually T’y is very close to I[';, the canonical Gibbs state of ideal Bose
gases. The state 'y (o, B) satisfies (3.23), but for all potentials V # 0, V, = f V(x)dx? is
strictly larger than 8 a. So we need to improve I'y. To do that, we need to replace the |o)’s
(o € M) with some non-product state W, ’s. The energy of |«) is higher than what we really
want, since in |o) when two particles are close to each other their behavior does not look
like (1 — w), which is the zero energy scattering solution of V. For this reason, we should
construct ¥, as follows

W, ~ C[ [ =w)xi = x))le)

i<j

C<1 =Y wl —x) + Y wl —x)wxe —x) - ->|a>

i<j

2
( Z N Zaqukau Gudy + (Z N Z Hkav kauav) -~->|a) (3.26)

u,v

We give the rigorous definition in the next section. First, we noticed that the operator
Dois j w(x; — x;) annihilates two particles and creates two new particles. In our temperature
regime, usually the momenta of the annihilated particles are of order o!/* or zero, belong to
P, U Py and momenta of the two created particles are of order one, i.e., belong to Py . With
this fact, we will construct W, as the linear combination of « and the states which can be
obtained by keeping annihilating 2 particles with momenta in P, U Py and creating 2 new

particles with momentum of order one, i.e.,

u+k,v—kePy
cli-32 Y alal
- N Ay Gy Au Gy
k

u,ve PyUP,

w u+k,v—kePy 2
+<Zﬁ > aLkaIkauau) ~~~>|a> (327)
k

u,ve PhyUPL

For simplicity, we divide the Py and P, which are subsets of momentum space, into
small boxes. When the size of the boxes is small enough, the probability of finding two
particles annihilated (created) in same box is extremely low. Therefore to construct ¥, we
only use the states in which there is at most one particle annihilated (P;) or created (Pg) in
each small box. Now we define these boxes.

Definition 3 (Definitions of By (1), Bz (1))
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694 J. Yin

Let 5, sy > 0. Divide P, and Py (3.16) into small boxes (could be non-rectangular
box) s.t. the sides of the boxes are about p”- and p**#. We denote the box containing u by
By (u) when u € Py (B (1) when u € Pyp).

Then we define the states which we will use to construct W,.

Definition 4 (Definition of M, ) i
For any « € M, we define M, as the set of the 8’s in M (Definition 2) such that

1. If k € Py, then B(k) < (k). If k € Py, then B(k) = a (k).
2. There is at most one k in each By or By satisfying B (k) # a (k).
3. If B(k) # a(k), then

Bk)y=ak)—1, forke P,
Bk)=ak)+1=1, forke Py

(3.28)

As we explained, for each o € M, we construct a normalized pure state W,, which is a
linear combination of 8 € M,, i.e.,

Wa)= > fulBIB)., Y. faBP=1 (329)
BeMy BEMq

To prove Theorem 2, i.e., to improve the [y in Lemma 2, we choose the correct trial state
I" of following form:

L= galWa)(Wal, (3.30)

aeM

where we choose g, in (3.22) and ¥, in (3.29).
With proper s, and sy, AS the entropy difference between I'y in (3.22) and I" in (3.30)
can be proved to be much less than |A|o2.

Lemma3 Let A =0 *Y%, 3, <5/9 and sy <2/9. Then for any {V,, @ € M} having the
form (3.29) and any g, > 0 such that y_,.,, 8« = 1, we have

Tim o[ — S(T) — (=8(To)](Ag?) ™ =0 (331)
with T defined in (3.30) and To =", 8alot) {ct].
We postpone the proof of this lemma to Sect. 12.3. The assumptions sz, < 5/9 and sy <
2/9 imply
Q1—4n—3%L +Q—4r)—3%1.1 < NQ1/3 (332)

In the next theorem, we show that, for each a € M, there exists a pure state W, of the
form (3.29) such that, comparing with |«), the new pure state |V, ) lowers the total energy
by about (% Vo — 4ma)N,A~", where N, is defined in (3.25). The construction of the pure
state yielding the correct total energy is the core of the proof of Theorem 2.

Theorem 3 Let 1/2 > 5, > 4/9 and sy > 1/9. For any o € M, there exists V, having the
form (3.29) and satisfying

1
(Wo|Hy|Wy) — (| Hyler) + (5 Vo— 4ﬂa>NaA_l <e0’A
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where the &, is independent of o and lim,_,o &, = 0.

Finally, by choosing the proper size of the small boxes in P; and Py, we can prove
Theorem 2 with Theorem 3, Lemma 3 and Lemma 2.

Proof of Theorem 2 Let 1/2 > 3 > 4/9 and 2/9 > sy > 1/9. We choose trial state I"
(3.30) with g, in Lemma 2 (3.22) and ¥,’s in Theorem 3. Then combine Theorem 3,
Lemma 3 and Lemma 2. O

This paper is organized as follows: In Sect. 4, we rigorously define W,,’s and the trial
state I". In Sect. 5, we outline the lemmas needed to prove Theorem 3. In Sect. 6, we estimate
the number of particles in the condensate and various momentum regimes. These estimates
are the building blocks for all other estimates later on. The kinetic energy is estimated in
Sect. 7 and the potential energy is estimated in Sects. 8—11. Finally in Sect. 12, we prove
Lemmas 1, 2, 3.

4 Definition of the Trial Pure States ¥, ’s

In this section, we give a formal definition of the trial pure state W,’s for Theorem 3. For
simplicity, we define a special ‘state’ |0) =0 € Hy o. As in [17], to construct ¥,, we use
the following operators AL

ALI’,f;:M—>A;IU0, u,ve€ PhUP,p,ge Pgandu+v=p+gq 4.1
With the notation |0), we have the following simple formula for A’;:” s

|A%Y B) = Calala,a,|B), BeM 4.2)
where C is a positive normalization constant. We can see that, with the notation 0, A;‘,:'j] B
makes sense when the r.h.s. is 0. We note that here 0 is introduced just for simplifying the
expression.

The operator A’;’,Z annihilates two particles with momenta in P, or P, and creates two
particles with momenta in Py. We note: the total momentum is conserved.

For simplicity, the pure trial state W, will be of the form > pem, Jo(B)IB) where fq is

supported in M, C M, (Definition 4) which we now define.

Note that there is no physical mean to construct ¥, on M,, and not M,, but the properties
of M, simplify our proof. We can define the coefficient function f;, on M, with a very clear
relation between f, (AZI',L:ZZ B) and f,(f), as in Lemma 5. But we can not do this on M,.
Definition 5 (Definition of nontrivial subset in Pr)

Let A be a subset of Py, it is called non-trivial when

Mu;eAandu; #Fu; (1 <i#j<2),thenu;+u, #0

2. fuje Aand u; #u; (1 <i#j<3),thenu; +uy #us
3. Ifu;eAandu; #uj (1 <i#j<4),thenuy +uy #usz+uy.

—_

Deﬁnitign of M,: _
Recall M, in Definition 4. For @« € M, we define the subset M, C M, as the smallest set
with the following properties.
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1. Forany « and y € Ma, let P (y, @) denote the following subset of Py,
Pry,ae)={uePL:yw) <a)} 4.3)

Then for any y € M, P.(y, «) is non-trivial subset of Py .
2. v €M,
0,0 ~
.MfpeMyandy =A,” ,B€ M,, theny € M,.

4. IfBeM,,y=A%"BeM,and

(a) Pr(y, o) is non-trivial
(b) B(=p)=B(—q)=0
then y € M,,.

W

Note: The set M,, is unique since the intersection of two such sets M,; and M, , satisfies
all four conditions.
We collect a few obvious properties of the elements in M,, into the next lemma.

Lemma 4 By the definition of M, any 8 € M, has the following form:
_ U —1,u2i 0,0
B = H‘Ak;‘—;ﬁkzzi l_[Al’j»*Pja “4.4)
i=I j=1

where u; € PLU Py, ki € Py fori=1,...,2m and pj € Py for j =1,...,n.And

pi #*£pj, ki#xk; fori#j and ki #=xp; forVi,j 4.5)

0r~z the other hand, if {u;, (i =1,...,2m)} N Py is a non-trivial subset of Pr, then any
B € M, with form (4.4) and (4.5) belongs to M,,.
Furthermore, one can change the order of the A’s in (4.4). With the fact that the subset

of non-trivial subset of Py is still non-trivial, we can see, if B belongs to M, and has the
form (4.4) and (4.5), then we have

U2i—1,42i 0,0
l_lAkZi—]-kZi l_[ APJ',*PJ'O[ € M (4.6)

icA JjEB
Here A, B are any subsets of {1, ...,m} and {1, ..., n}.

Now, to define W, =) peMy f2(B)|B), it only remains to define f,, which is supported
on M,. As suggested in (3.27), foru,ve PhU P, p,q € Py, and u + v = p + ¢, we have
the following relation between f, (o) and fo (A7 o)

Ja(Apha) = =(1 = 8,,/2) [wp-w + W p ] 1A Ve e () fo (@) CY))

Furthermore, if 8 € M, and ) _,_ Py B(k) is small (like < 5), the approximation (3.27)
implies that for most u, v, p, q,

Fu A2 B) A —(1 = 84.0/2) [Wipmiy + W | IAIT VBB fu(B)  (48)

when Al]’;f;ﬁ € M, . Here we have used the fact that when g € M, and A;‘,:Zﬁ eM,, B(p) =
B(g)=0.
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We hope that for most u, v € PyU P;, p,q € Py, the approximation (4.8) would hold for
most 8 € M, such that A7-7 8 € M. Here “most § have some property A” means that the
probability of finding 8 with this property in W,, is almost one, i.e.,

> B = > |fu (B 1 (4.9)

B has property A g has property a

If the approximation (4.8) holds for some u, v € PyU Py, p,q € Py, then we can easily
obtain

(Vo la,a,ahal| W)

~ —(1 = 8u0/2) [Wipuy + W | AT D VB@BW)F(B)] (4.10)

BeMy
Using the definition of M,, we may guess that for most 8 € M,,

ﬁ(u):ot(u), M7GPL
B(0) ~ «(0)

(4.11)

Therefore

(Wlaya,alal|We) ~ —(1 = 84,0/2) [wip—u) + wop ] 1A' Va@)a () (4.12)

This approximation (4.12) is very useful for calculating (W, |V |\, ).
Now we give the definition of f, as follows. In Lemma 5 we check that it has this
property (4.8).

Definition 6 (The Pure Trial State W,) Recall that the function (1 — w) is the zero energy
scattering solution of the potential V, as in (2.12). Define the pure trial state ¥, as

V)= Y fu(BIB) (4.13)

BeEMy
where the coefficient f,,(8)’s are given by

B(k)>0 Bk)>p(—k)

|A |.5(0) a(u
fu(B) = o [T v—w IT v2|( TI (4.14)
BO)! kePy kePy uePr (B,a)
Here we follow the convention /x = /|x[i for x < 0. For convenience, we define f(8) =

for B ¢ M,. The constant C,, is chosen so that W, is L, normalized, i.e.,

(o W) ie, Y [fa(BP=1

BEMq

In next Lemma, with the f,, chosen above, we show that (4.8) holds for most u, v, p, ¢,
B such that 8 € M,, and A;’;f;ﬂ eM,.
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Lemma 5

1. Ifk € Py and B € My, AL B € My, then

00 o [BO) [BO) =1
Jal A=) = (mwo) | o [ == fa () 4.15)

2. If uy,uy € Py, us = duy oruy € By(uy), ki, ky € Py and B € M, then y :AZI’ZZZﬂ ¢
Mg, i.e., fy(y)=0.
3. If uy,up € PLU Py and u, # £uy, ki, ky € Py, B € M, and AZI',':ZZﬂ € M, then when

B(—p) = B(—q) =0, we have

Fu(AL2 8 =2 T | 2 |(A”;) JE l(A”T) fu(B) (4.16)

when B(—p) # 0 or B(—q) # 0, we have

V| ’3&"),/ ﬂ&f)fa(ﬂ)‘ (4.17)

Again the result 2 in Lemma 5 has no physical meaning, but it can simplify our proof.

In next section, we can see that, for fixed p € Py and most 8 € M,, B(—p) = 0. Hence
the identity (4.15) or (4.16) hold for most 8 € M,. Since k;, k, are order one and u1, u, €
Py U P;, we have

| (AL 2| <

Wiy N Wiy N Wk —yy N Wy —uy = Wyy—k; (4.18)

which implies that f, satisfies the property (4.8) in most case.
5 Proof of Theorem 3

Proof Our goal is to prove
1
(Wo|Hy|Wy) — (a|Hyla) + (5 Vo — 47Ta>NaA_l <0’ A (5.1

First we decompose the Hamiltonian Hy as in [17]. By the rule 1 of the definition of Ma,
ifeM,C I\;Ia then B(k) is equal to «(k) for any k € P;. Hence if k; € P;, B,y € M, and
(ﬂ|a,1'l a,izalgak4 |y) # 0, then one of k3 and k4 must be equal to k;.

On the other hand, since the particles with momenta in Py are created in pairs, the total
number of the particles with momenta in Py is always even. With these two results and
momentum conservation, we can decompose the expectation value (W, | Hy|W¥,) as follows:

N
(Hy)w, = <Z—Ai> + (Hapab)w, + (Hii)w, + (Hip)w, + (Hun)w,, (5.2

i=1 Vo

where
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1. H,pap 18 the part of interaction that annihilates two particles and creates the same two
particles, i.e.,

Hapap = 2A17" Y " Voalalawa, + 207" Y (Ve + Vo)ajaiaua, — (5.3)
u u#v
2. Hj; is the interaction between four particles with momenta in P;:
P; =PyUP, (5.4)
and

Hip =12AT" Y Vigowa), al,auya,. (5.5)

u; eP—

where u # usz or uy.
3. Hjy is the part of interaction that involves two particles with momenta in P; and two
particles with momenta in Py i.e.,

Hpy = 2A17 > Vi —r,al al ay ar, + H.C.

Uy uz
uy,up€P; k1. ko€Py

+ |2[\|_1 Z 2(Vu17M2 + Vulsz)a;lazlauzak27 (5'6)

uy,up€P; k1. kp€Py

where u; # u, and H.C. denotes the hermitian conjugate of the first term.
4. Hpy is the part of interaction between 4 particles with momenta in Py,

-1
Hpyp =12A] E Vk37kla]zlazzak3ak4» (5.7)
kiePy

where k| # k3 or ky.

With these definitions, since there is no high momentum particle in |«) (¢ € M), the total
energy of |a) is:

(| Hy ) = a|2 Ailer) + (ot| Hypapct) (5.8)
Recall the definition of N, for « € M in (3.25). The estimates for the energies of these com-
ponents in (5.2) are stated as the following lemmas, which will be proved in later sections

with different methods.

Lemma 6 The total kinetic energy is bounded from above by

N N
<Z—Ai> —<Z—Ai> — IVwI3Na|Al™" <107, (5.9)

i=1 o, i=1 o
where ¢, is independent of a and lim,_,g &, = 0.

Lemma 7 The expectation value of H,pap is bounded above by,

(Hapab)w, — (Hapap)e < 0"*A (5.10)
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Lemma 8 The expectation value of Hj; is bounded above by,

(Hii>% <o'4A (5.11)

Lemma 9 The expectation value of H; , is bounded above by,
(Hin)y, + Nal AT IVWll) < £20°A (5.12)

where ¢, is independent of a and lim,_,g &, = 0.

Lemma 10 The expectation value of Hyg is bounded above by,

1
(Hun)w, —NaIAFIHEVw2 <&0°A (5.13)

1

where 3 is independent of a and lim,_,o £3 = 0.

On the other hand, by definition of w in (2.12) and (2.13), we have

Vwl]|3 — Ly + Lyw| =o o= 1ive| =4ra (5.14)
2277, T2 22 T, '
Together with (5.8) and (5.9)—(5.13), we arrive at the desired result (5.1). a

6 Estimates on the Numbers of Particles

As in [17], the first step to prove the Lemma 6 to Lemma 10 is to estimate the particle
number of W, in the condensate, P;, P;, and Pg. This is the main task of this section and
we start with the following notations.

Definition 7 Suppose u; € P =Py U P, U P, U Py fori =1,...,s. The expectation of the
product of particle numbers with momenta uy, ..., us:

Qs (ul,uz,...,us>s<1"[a;[aui> = > [[swoifud? (6.1)
i=1 W, BEMy i=I

Definition 8 (The definition of M, (u) and M f (n))
We denote by M, (1) the set of B € M,,’s satisfying B(u) = a(u), i.e.

My () ={p € My : B(u) = ar(u)} (6.2)

Furthermore, with the definition of B, (u) (when u € P;) and By(u) (when u € Py), we
define Mf (u) C M, (u) as the intersection of M, (v)’s of all v € By (#) (when u € Pr) or
By (u)(when u € Py), ie.,

MEw= [ M) (6.3)
vEBL (1))
We can see
Be Mf(u) & B)=a(v) forVYve By (u) (6.4)
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The coefficient function f, is supported on M, C Ma. Using (3.28), if B € M, and
u € Pr,either B(u) =a(u),ie., B € My(u) or B(u) =a(u) —1,ie., B ¢ M,(u). Therefore
the average number of the particles with momentum u, for u € Py, can be written as follows

Qo) = (ajawyu, =) — Y |fu(B). (6.5)
BEMa (1)

For any k € Py, we have
Qu)= " |fa(BI. (6.6)
BEMq (1)

The following theorem provides the main estimates on Q,(u) and Q, (k).

Lemma 11 For small enough o, Q. (1) and Q, (k) can be estimated as follows (u,uy,u, € Py,
and k € Py)

Qu)= Y IfulB) <const. o>, forkePy  (67)

BEMe (k)

0<a@) = Qu)= Y |fu(B)F <const.o"™", forueP, 6.8)
BEMy ()

Furthermore, the probabilities of the combined cases are bounded as follows: (u, uy,u, € Pr
and k € Py)

> | . (B)|? < const. 0>%"  when uy # u» (6.9)
BEM o (1) UMy (u2)
> 1 fa(B)P < const. 0" |uy| (6.10)

BEMy (1)UMe (k)

Proof of Lemma 11 First, we prove (6.7) concerning k € Py. With Lemma 4 ((4.4)-(4.6)),
when B (k) > 0, there exist some y € M,, and u, v € P, U Py, p € Py such that

Ay=B and p=u+v—k 6.11)
With the properties of f, in Lemma 5 ((4.15)—(4.17)), f,(B) is bounded as
| fa(BI? < 4y )y )A™2 |wiw, | | fu (). (6.12)

Then sum up 8 ¢ M, (k), i.e., B(k) > 0, by summing up u, v and y, we obtain:

YL@ <4 D Y vy @A wewer | fu ()P

BEM (k) u,vePLUPy yeMy

< 40°|wy| max {|w,|} (6.13)
PEPH

The upper bound of |w,| is derived in (2.15): |w,,| <4ma|p|2, therefore

Quk)= " [fu(B)I* <const. > *"|wy|, ke Py (6.14)
BEMq (k)
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Using (2.15) again, we obtain (6.7).

Then, we prove (6.8) concerning u € P . Similarly, with Lemma 4, for any 8 ¢ M, (u),
ie., B(u) =a(u) — 1, there exist some y € M, and v € P, U Py, p, k € Py such that (6.11)
holds. This implies (6.12). Using (2.15) and |k + p| = |u + v| < |k|, we have

lw,wi| < const. [k|™*, when p,k € Py and |p + k| < |K| (6.15)
Inserting (6.15) and the bounds y (1) < a(u) < m. = 0~>" into (6.12), we obtain:
| fu(B)* < const. " [k| "ty (WA fu ()P (6.16)

Again, summing up 8 (by summing up y, v, p and k), with ), ¥ (v) < N, we obtain (6.8)
as follows

kePy
Yoo Y Y const o kT Y AT fu(P <0 (6.17)
BeEMy (1) vePLUPy yeMy

Next, we prove (6.9) concerning uy, u, € Py. Forany 8 ¢ M, (u;) U M, (u,), i.e.,

Blur) =auy) -1, Buz) = a(uz) — 1 (6.18)

using Lemma 4, we can see that there are only two cases:

uy,uy

1. there existone y € My, p1, p» € Py and A,y =B
2. there exist one y ¢ M, (1), v € PL U Py, v#us, pi, pr € Py and A} ),y = B

As before, with the properties of f;, in Lemma 5, the bounds on a(u)’s (u € P;) and (6.15),
we have

Yo fuBP <const. Y o AT fuln)

BEMo (u1)UMy (u2) yEMy

teonst. Y oy @IAITLOIP (6.19)

vEPLUPy,y My (u2)

Using ), y(v) < N and (6.8), we obtain (6.9).
At last, we prove (6.10) concerning u € P, and k € P;. For any 8 ¢ M,(u) U M, (k).
Using Lemma 4, we can see that there are only two cases:

1. there existy € My, v € P, UP,, p € Py and A’[‘,”Zy =B

2. there exist y ¢ M, (u), vy, vy € PL U Py, p € Py and AZ{;{”Z)/ =8

Summing up v, p or vy, vy, p, We obtain

Yo faBP <const. Y Yy @)y A wew ol fu ()P

BEMo (K)UM (1) vePLUPy vy

+ D 40l lwd max{w, [}l £ ()P (6:20)
Y Mo @) e

With the result in (2.15): |wp| < 471'a|p|’2 and ZU y(v) < N, we have:

Yo faBP <const. yo A lwil + Y 40> P wel [ fu(p)IP (6:21)

BEMo (k)UMq (1) Y EMo (1)
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At last using (6.8) and the fact y (1) < a(u) < 07" and A = 0~*/?%, we obtain the desired
result (6.10) O

Moreover Q,(k)(k € Py), has a more precise upper bound as follows.
Lemma 12 For k € Py, and Q, (k) is bounded above by:
Qa(k) < No A2 [wi? + 07777 (6.22)

Proof First using Lemma 4, we have that, for any 8 ¢ M, (k), there are two cases:

1. there exists y € M,, such that, A(i,?,ky =8
2. there exist y € My, u #+v € PLU Py, p € Py, s.t., Ay = B.

Then with the identities and bound of f;, in Lemma 5 (4.15), (4.16) and (4.17), Q. (k) is
bounded above by

Qu)= Y IfuBP <aO’Awi+ Y 2e@e@®@A|lwaw,| (623)

BEMy (k) u,ve P UPy,u#+v
where p=u +v — k. Since w, =w_, and |p + k| < 2(p'/3~m), with (2.16), we have
|lwi| — |w,|| < const. o'/*~*" (6.24)
Inserting this into (6.23), we obtain
Qo (k) < Ny A72wi 4 0"* ¥ |y (6.25)

Then using |wy| < const. 0~27, we obtain the desired result (6.22). O

At last, with Lemmas 11, 12 and the definition of M,,, one can easily obtain the following
inequalities on f,.

Lemma 13 Recall the definition ofMolf (k) or Mf (u) in Definition 8 (6.3), the upper bounds
on f, in (6.8) and (6.7) imply:

D B <0 AP <00 forke Py (6.26)
BeEME (k)
and
D LB <o A <0 forue Py (6.27)
BEME )

Recall B and By in Deﬁnition 3. Suppose uy, uy € PLUP,, kl, k2 € Py, ui+u, = kl +k2,
uy +uy; #0andu; ¢ Br(uy). Then using (6.8), (6.9) and the definition of M,,, we have

> If B <o'? (6.28)

BEMo Ayl 2 BEMa

At last, with (6.7) and the fact

0<a(0) - BO) < Y Bk,

kePy
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we have Q,(0) and Q,(0, 0) bounded as follows
a(0) = 0,(0) = a(0) — 0*°N (6.29)

and

[@O] = 0.(0,0) > [w(®)]* — N*¥/ (6.30)

7 Proof of Lemma 6

In this section, with the bounds on Q. (u)(u € P;) and Q,(k)(k € Py), we estimate the
kinetic energy of W, by proving Lemma 6.

Proof By the definition,

N N
<Z—A,—> = Y u’Qu(w) and <Z—A,—> = > daw (11
v, o

i=1 ” ueP UP/UPy i=1 uePUPy

With the definition of M, and ]\;Ia, we have Q,(u) < a(u), for u € P; U P;. Then the L.h.s.
of (5.9) bounded above by

<i—ﬁf>w —<i—Ai> — IVwlNa|Al™

i=1 - i=1 a

< DK Qu(k) — [VwIN, A (7.2)

kePy

With the upper bound on Q, (k) in (6.22), we have

(12) < NalAI"‘IIVwH% = Y AT w4 00 A (7.3)

ke Py

Together with limg_>0‘||Vw||%—ZkePH |A|‘1k2|wk|2‘ = 0, we complete the proof of
Lemma 6. O

8 Proof of Lemma 7

Proof First we rewrite the expectation value of H,;,;, as
(Habub ) Wy

=2A1" Y (Vo) (B@? —Bw) + Y (Vo + Vu—u)ﬂ(u)ﬂ(v))lfa(ﬂ)lz

BeMy u#v
—pAt Y (vouv2 —M+Y vu_umu)ﬁ(v)) P (8.1)
BEMy u#v
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On the other hand,

(Hapab)a = 12417 (vo(zv2 -N)+ Y vufva(u)a(v)> (8.2)
u#v

By the assumptions, V, is positive when |v| < 1. For any € M,, B(u) < a(u) for u €
Py U P; U Py, therefore we have

Vo B@)B () < Vimpa ) (v), whenu,ve PpUPUP, (8.3)
Using this inequality and the fact «(k) = 0 for k € Py, we have

(Habab> Yy — (Habab>a

5|2A|*‘( > W Quwv)+ Y vHQa(u,w)

u¢ Py, vePy u,vePy

For any u € P, |V,| is no more than | Vy|, with (6.7), we obtain:

(Habab) vy, — (Habap)a < Voo Y Qu(v) <0""*A @4

vePy

9 Proof of Lemma 8

As in [17], to calculate (a4 a’ a,,a,,)wv,, we start with the following identity.

uy " uy
Lemma 14 For any fixed momenta u, 34 and € M, define T (B) to be the state
IT()) = Ca al auau,|B), 9.1)

where C is the positive normalization constant when |T (B8)) # 0. Then we have

(@l @l e, = 3 fo BT (Blalsalaunan lal, abyananB)  (92)

ﬂEMQ

The map T depends on u; ;34 and in principle it has to carry them as subscripts. We
omit these subscripts since it will be clear from the context what they are.

Proof For any fixed u) 5 3.4, by the definition of W,, we have

(Walaf al a1 Va) = Y fuB) W)Y la], al,auyau,|B) 9.3)
y.BeM

By definition of M,, one can see

(vlaj al ana,18) #0 = y=T(p) 9.4)

Since |T (B)) is normalized, the identity in Lemma 14 is obvious. O
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9.1 Proof of Lemma 8

Proof Using the fact |V, | < V, for any u € R?, we can see

‘(Hii)q,a‘ < Vol2A|™! Z ‘<a21a;2au3au4)% , 9.5)
u,-EPi¢u1;Eu3,u4
We are going to prove:

Z <a3a$aua_u> =0 9.6)

uebPr, Yo
) (aSalzaugaM)w < A% 9.7)

up,u3,ug€Pr o
>l ahasan),, | = A% 9.8)

ujePr and uy#usz,uy

First we note (9.6) is trivial. Because if 8 € M,, then P, (B, «) is non-trivial subset of
Py, which tells if 8(u) < o(u) then 8(—u) = a(—u).
Then we prove (9.7) concerning u, 3 4 € P. By definition of M,,

(Blajay au,a.,ly) #0

implies u3 # ug and y ¢ M, (u), i.e., y (uy) < a(u,). Furthermore, with the definition of f,
(2.4), we have

o (us)or(ug)
fulB) = mﬁm 9.9)
Combining with Lemma 14, we obtain
b, ausau)y, | < e Y 1fu(y)?] (9.10)
y¢EMy (u2)
Using (6.8) in Lemma 11, we obtain
‘(aéalzau3au4)wu‘ < const. a(uz)o(us)o' ™, 9.11)

which implies (9.7).
Next, we prove (9.8). Similarly, we have

llal al,auan), | <c@da@y Y 1fu)] 9.12)
Y EMo (u) UMy (u2)

Again, using Lemma 11, we obtain
’(“L“;zausauﬁ%’ < const. a(uz)a(ug)0> %, 9.13)

which implies (9.8). At last, combine (9.6)—(9.8) and we obtain
(Hii), | <0"/A 9.14)
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10 Proof of Lemma 9

We start the proof with estimating (aul b‘,zaklab)% in the special case: u; = +u; € Py.
By the definition of M,, if B € M,, u € P;, and B(u) < o(u), then f(u) = a(u) — 1 and
B(—u) = a(—u). Since f, is supported on M,, we have:

(a) al ayar)w, =0, forVky, ky € Py, uy=u, € P, (10.1)

For the other cases, we leave the bounds in the following lemma. As explained be-
fore, with the f, we chose, the approximation (4.12) should hold for most u, v € P, U Py,
P, q € Py. In the proof of Lemma 15, one can see that the approximation (4.12) implies the
main results (10.2) and (10.3).

Lemma 15 Recall P; = PyU Py. For u,u;,u, € P; and k,ky, k, € Py, we have

‘Z Viilajal ,aka_i)w, + a0 |Vwli| <eN>  (10.2)

<e&sN?  (10.3)

37 Vaen @) @l aga)e, + Y 20@)a@)|Vwl,

uFE£uy uF#£uy

and

<egN? (10.4)

.
> .(aI ay, iy w,

uyFu

where we omitted u, uy, us € P;, k, ki, ka € Py and momentum conservation equality in ) .
The small numbers &4, €5, &6 are independent of a and lim,_,o&; =0 fori =4,5, 6.

Proof of Lemma 9 Combine the bounds in (10.1), (10.2), (10.3) and (10.4). O
10.1 Proof of Lemma 15

Proof First we prove (10.2) concerning u € P; and k € Py. By (10.1), if (au ,uaka_k)% #*
0, then # must be zero. The property of f, in Lemma 5 (4.15) implies

f 4 ()
(Blaga’ gara_ily) £0 = ; (;) |“[’\"| y(0)2—y(0) (10.5)

Together with Lemma 14, we have
(agabaxa_i)w, = —wy > (B = BO) A" (B, (10.6)

B:BeMy, AYY  BeM,

Recall the definitions of M2’s in Definition 4. One can see if 8(0) > 1, then 8 € M,, and
Ag‘lkﬁ € M, is equivalent to B € ME (k) N MZ(—k). Therefore, we have the following
identity,

(afajaraiyw, =—wie Y (BO=BO) AT fu(BP, (10.7)

BeMEB (kynMB (—k)
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Using the bound on ZMWE(M | £« (B)]? (6.26) and the bounds on Q, (0), Q, (0, 0) in (6.29)
and (6.30). We obtain that

<0("°N? (10.8)

3 (BOP —BO) Ifu(B)P —a(0)?

BeMB (kynMB (—k)

Insert (10.8) into (10.7). Then summing up k € Py, with u = 0, we obtain
> Vislafal ,ma e, +a©P [Vl |

<a(0)

> VAT + ||Vw||1| +0("/*"N?) (10.9)
ke Py

Combining with the fact limy—o | )", Py —Viwe A~ 4+ |[Vw]|;| = 0, we obtain the desired
result (10.2).

Next, we prove (10.3) concerning uy,u; € P;, u; # £u, and ki, k, € Py. Using the
result 2 in Lemma 5, one can see

(aul uzaklakz) =0 when MQEBL(ul) (1010)

Then from now on, we assume u, ¢ By (u;). The property of f, in Lemma 5 implies, when
(Blaj,a,aianly) #0and B,y € My,

F ) =Cpy/—wiy/ —wi, v Bu) B(u2) f(B) (10.11)

Here Cp depends on $ and |Cg| < 2. Especially, when 8 € M,(—ki) N My (—k>), Cg =2.
Again with Lemma 14, for fixed u, u, ¢ By (u1), k1 and k,, we have

(@ al ax, ai ), = =W /—w Z CoBw)BWf PP, (10.12)

BEMy, A/‘l ’»2 2 BeMy

First, using the facts |k, +k,| < 20", and the bound on dw,/dp (2.16), we obtain
lwy, — wi, | < 0", therefore

(V= wi, /= wi,) + wi, | <0 (10.13)
Insert (10.13) into (10.12), we have

(@] al aga)e, = (—w +0@™) Y CaBuNB)If(BP.  (10.14)

uyp,u
BEMy, Ak]] 2BeM,

Now we bound

Y CsB@Bfu(BP

uy,u
BEMa, Ayl PEMa

In the case B ¢ M, (—ki) N M,(—k>), using the result in (6.7) and |Cg| < 2, we have

> CpB ) B2l fo(B)| < 0cr(ur)er(u2) (10.15)

L%Ma(kl)ﬂMu(kz)
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In the case B € M, (—ki) N M,(—k>), we have Cg = 2. Using the results in Lemma 11 and
Lemma 13 ((6.7), (6.26), (6.27), (6.28) and (1) < m, = o~>" for u € P;), we obtain that if
Uy, uy € Pr.

BeMy (—k1)NMy (—k2)
> BB fa (B — ot (ur)ar(u2)

”1 u

Al ky PEMa

< 00" (10.16)

and if u; =0, u, € P, we have

BeMy (—k1)NMy(—k2)
Yo BB fu(BIP — aun)e(us)

A2
kl kzﬁ My

< 0(@*N) (10.17)

Inserting (10.15), (10.16) and (10.17) into (10.14), with the fact |w, | < 4a|p|~?, we obtain
that for u,,u, € Py:

l{a) a) ak ai,)w, + 2w e (u)] < 0" (10.18)

up up
and for u; =0, u, € Py,
(@) af ar ar) v, + 2w a(u)a )| < 0@ N). (10.19)
Furthermore, the smoothness and symmetry of V implies

|VL417/(1 - Vk1| = Q]/4

Then summing up uy, u; : u, ¢ By (1) and k;, k,, we obtain

Z Vul —ki aul uzak1ak2>\l/a +2 Z a(ul)a(MZ)Hvu}”l

urFEuy uyF#tuy
=2 Z (Ol(ul)(x(uz) Z|Vklwk1|A71 —IVwl| ) + 0"/ "IN
uyFLuy
+ Y 2eew) Vel (10.20)

{uy,up:ureBr (uy)}

One can see the first line of the r.h.s. is less than esN2/2. Here &5 is independent of & and
lim,_,¢ &5 = 0. With the bound o (u) < m, for u € P, we can obtain that the second line of
the right side is also 0(N?). Therefore we arrive at the desired result (10.3).

At last, we prove (10.4) concerning u;, € Py, u; # u, and k; ; € Py. The definitions of
M, and f, imply that, when (ﬂ|azlazl au,ai,|y) #0and B,y € M,,

Y & Mo (uy) U My (k2), B ¢ Mo (uz) U My (ki)

o(ur)  fwg,
a(uz)\ wy,

and

| fa(¥)] < const. | fa (B)] (10.21)
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[P
wkl
Summing up B ¢ M, (u;) U M, (k,), with the upper bound on Zﬂ | £+ (B)I? (6.10), we have

Wk, 2
/w_k] D]

BEMe (uz)UMe (k)
< a(u))| /W, Wiy 07 (10.23)
At last, using |w,| < 4malp|~? and |k;| ~ |ks|, we have

> el a anan)e, | < D0 e

uyFuy uy,uz,kyky

< N7 =0(A%?) (10.24)

This implies

| £ (B) fu ) (Blaf, . auyaiy |y)] < const. a(uy) | fu (B (10.22)

|(a;lazl iy iy ) w, | < const. or(uy)

O

11 Proof of Lemma 10

In this section, we will prove Lemma 10 involving interaction energy between particles with
momenta in Py. We will show that the only contribution to the accuracy we need comes
from four high momentum particles, to be computed in Lemma 16 (11.4). We start with
separating (Hy p)y, into the main terms and the error terms.

Define M, (ky, kz, k3, kq, uy,u2) C M, ® M, as the set of (8, y)’s where § and y can be
created from the same a € M,, as follows,

My (ky, ko, k3, kayuy, uz)
={(B,7) € My ® M, :3@ € Mys.t. A6 = pand A} 7@ =y}, (11.1)

where ki, ks, k3, ks € Py and uy, u; € P;. We define A, uy k) k. k3,5 @S

Auy iy o s kg = > fB) £ (V)Blaf, @, axsa, |y ) (11.2)
(B.y)eMq (ky ko k3,kq,uy,u2)
‘We note:
(@ alaan),, = Y FB) ) Blay, af ars i ly) (11.3)
B.yeMy

With (11.2), we can separate the expectation value of Hyy into two parts, main term
(Lemma 16) and error term (Lemma 17).

Lemma 16 Summing up ki, ks, k3, ks € Py, ki #kj fori # j, uy,up € P;, we have

&
> Vit A Aty koo b = Nal AT VRl < %A, (11.4)

ui ki

where 3 is independent of a and lim,_,g £3 = 0.
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Lemma 17 Let M, (ky, k2, k3, k4) be the union of My (ky, ko, k3, kg, uy, us), i.e.,

My (ki ky, k3, kg) = U My (ky, ky, ks, kg, uy, uy). (11.5)

ul,u2€PL

Then we have

> > VoA ™| 7o B) fu (1) Blag, @ ans an, Iy )| < %3921\ (11.6)

ki€ Py (B.y)¢Ma (ki k2.k3.k4)

Here k; #kj for i # j and &3 is independent of a, lim,_,o &3 =0.
11.1 Proof of Lemma 10

Proof Definition of M,, implies that when k € Py and 8 € M,,
B(k) € {0, 1}

Then the expectation value of aZI a,jz a,ax, must be zero when k; =k, or k3 = k4. Together
with the definition of Hypy, we can rewrite (Hyp)w, as

ki#kj

(Hundo, =D Y 5 VA fu(B) fa (1) (Bl af axa, |y ) (11.7)

kiePy B, yeMu
On the other hand, if 8,y € M, and (Bla] a; ai,ai,|y) # 0 for some ki 234 € Py, then by
the fact P, (B8, @) = P.(y, ) is non-trivial subset of P; (Definition 5), there exists at most
one pair of {u;, u,} such that

(B,y) € My(ky, ko, k3, ks, uy, us) (11.8)

Therefore combining (11.4) and (11.6), with |V}, _t,| < Vo, we obtain the desired result
(5.13). O

11.2 Proof of Lemma 16
Proof We start with bounding Ay, u, ;. .k3.k4 -

Lemma 18 When uy,u; € Py and uy = fu, or uy € Br(uy), for any k; € Py, we have

Aul,uz,khkz,kg,kzl =0 (119)

In other cases, Ay, uy k, ky.k3.k, 1S bounded by (recall Py = {0})

2 -
Ak ks kg — Q@) (u) Fy (uy, u2) " wi, wiy A

a(upa(uy), uy,uy € P
<08 A2 x { Na(u,), u € Py, ur e Py (11.10)
N2, uy=uy € Py,

where F,(uy,u) =1 when u; = u, =0, otherwise F,(uy,u,) =2
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Proof of Lemma 18 First we prove (11.9). One can see that it follows the definition of
Ay, uy k) ko ks kg And the result 2 in Lemma 5.
Then we prove (11.10) when u;, u, € P.. When (11.8) holds, by the definition of M,
(ki, ko, k3, ks, u1,u,) in (11.1), there exists & € M, such that
A ga =B, Arvga=y. (11.11)
With definition of f,, when @ € (;_, My (—k;), we have

Fu(B) = —F,(ui, uz)v/aua () A~ /=wy, /= wi, fo(@)

fa(y) = = Faluy, un)y/aupa ) A~ /= wi /=wi, fol@). (e
And when & ¢ ﬂ?:l M, (—k;), we have the following bound on | f, (8) fo (¥)I,
4
| fu(B) fu )] < et un)erun) A2 [ T 1/ 11 fu @) P (11.13)
i=1
On the other hand, if k; € Py for 1 <i <4 and
By €M, and (Bla] a) aaily)#0, (11.14)

then by the definition of M,, we have B(k;) = B(k,) =1 and y(k3) = y(k4) = 1. This
implies

(Bla] a},a,ar,ly) =1 (11.15)

Combining (11.12), (11.13) and (11.15), we obtain that when (11.11) holds and & €
Mo Mo (ko).

4
fo (B F W) (Blaj ) s i |y} = Falur, un)* @) A [ | =wi | fu@1* (11.16)

i=1
When & ¢ (;_, My (—k;), using (6.7), we have
> LB F()Bla) afaiarly)| < const. ¢ Pau)a) AT (11.17)
agnt_| Mo (—k;)
Combining (11.16) and (11.17), we can see

Auy ik dataks + 0@ D)o (uz) A2

4
= F(u1,u)’ A7 [ [/ =wi, D @)l f @7 (11.18)
i=1 acA

Where A is defined as the set

4
A={@eMy: Al2a=PBeMy, Al2a=y €M, &c( |Ma(—k)}
i=1
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Since uy,u, € P, whena € A,
a(u)=a(;) (G=1,2). (11.19)

Furthermore, using the results in Lemma 13, we have that ) _;_, | f (@)|* bounded by

1<) If@P=<1-0@") (11.20)

aeA

On the other hand, using (10.13), with the fact |k; + k| = |k3 + k4] < 0'/30™", one can
bound the ]_[?:1 /—Wwg, in (11.18) as follows

< 0"+ ™M (11.21)

4
H \/ —wki — wkl wk3
i=1

Inserting (11.19), (11.21) and (11.20) into (11.18), we arrive at the desired result (11.10).
Similarly, using the bounds on Q,(0) and Q,(0,0) in (6.29) and (6.30), one can prove

(11.10) when one of u; belongs to P, or both of them belong to Py. ]
With (11.10), summing up k1, k3, u1, u,, one can easily obtain the desired result (11.4). [

11.3 Proof of Lemma 17

Proof As in [17], to estimate the error term of the interaction of particles with high mo-

menta, we need to use a new tool. We start with defining the set M, (&, s, {vy, ..., v;}). Let
v, ..., Vs € Py and being in different small boxes By, i.e.,
B (vi) # Br(vj), fori#j. (11.22)

For non-negative integers s, ¢t satisfying s + ¢ € 2N and & € M,,, define

(s+1)/2 m
M@,s. (..., uh=(J{BeMs:p= [] A‘;ij‘,’,‘;i",.]_[A;;‘,f;;&I (11.23)
m i=m+1 i=1

where the u;’s € P; and p;’s € Py such that

. u;=0fori <2m.

. Aui, 2m + 1 <i <s+t}is a permutation of s — 2m zeros and {vy, ..., v;}.
. forany fixed 2m +1 < j <s+1t,& € My(—p;), i€, &(—p;) =a(—p;).
.pjFE—piforany2m+1<j<s+tandl <i<s-+t.

O R S R

We note: for any u;’s and p;’s satisfying these four conditions, one can easily check that
[[Am e M. (11.24)
ieA

holds forany A C {1, ..., (s +1)/2}.
By this definition, if (11.14) holds, then 8(u) = y (1) for any u € P;, then there at least
exists one M, (@, s, {v;, 1 <i <t}) such that

Bandy € My(a,s,{vi, -, v:}) (11.25)
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E.g. using Lemma 4, we can see (11.25) holds when we choose & = «, {vy,..., v} =

PL(ﬂaa) = PL(V’OZ)
Furthermore, with M, (@, s, {v{, -- -, v;}), we define N (@, s, {vy, ..., v;}) as the set of the
pairs (B, y) such that

L. By e My(a,s, {vi,...,v})
2. there exist k;, | <i <4 satisfying (11.14) but

(B,v) & My (ki, ky, k3, ks). (11.26)

Here M, (k1, k», k3, k4) is defined in (11.5)
3. for any other &', 5", {v{, ..., v, },if B,y € My (&', 5", {v],...,v,}), then

s+t<s'+7¢ (11.27)

We assume (11.25) and (11.14) holds. Clearly, s + ¢ = 2 or t = 0 implies that (8,y) €
M, (ky, ky, ks, kq). Hence if N(a, s, {vy, ..., v,}) is not an empty set then

s+t>4, and t>1 (11.28)

By definition of N(&, s, {v, ..., v,}) and (11.15), we can bound the left side of (11.6) as
follows (k; # k; for i # j)

> > VAT RB) £ ()(Bla) afanaiy )|
ki€Py B,y ¢Mq (ky,k2,k3,kq)

= 2 VoATINGs ol max [T (B fuly)

_ Y EMy (@5, {vy,..
a,s,{vy...ve}

, (11.29)

where |N (@, s, {vy, ..., v;})]| is the number of the elements in this set. When (11.25) holds,
the definition of f, implies,

s t

o
[A]

@(0)

[ fu(B) fo ()| < const.”** A

K ~N12
max {|we}*| fo (@)
kePy

Here we used m. < 0~*". Again with the facts |w,| < 4ma|p|~* and ¢ (0) < N, we obtain
| /u(B) fu(p)] < const. ™ (@' 2"y (@™ |A] ™| fu (@) (11.30)

Therefore, the r.h.s. of (11.29) is bounded by

(11299 < > IN@s, {vr,...,v Dl @ )M IAIT T f@F (11.31)

a,s,{vy...v}
Define N(«, s, t) and N (s, t) by
N(a,s,t) = { max }{lN(&,s, {vi, ..., v DI} (11.32)
V], Uy

N(s,t) =max{N(a,s, 1)} (11.33)
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With the notations N (&, s, t) and N (s, t), we can bound (11.31) by

(1129 < (113D < Y If@F Y N@s,00' (@ )" |A"!

a&,s,t {vi...vur}
<Y NGty AT (11.34)
s,t {vy..vr}

For fixed ¢, the total number of sets {v; - - - vy, v; € P} is bounded by

D 1= @en ) ) =@ T Al )

{vg--vr}

On the other hand, ¢ is bounded above by the total number of B;’s (the sides of B ’s are
about Q3”L) in P, i.e.,

t < |P.|/max{|B.|} < const. o' "¢ (11.35)

where | P, | and |Bi| are the volumes of P; and the small box Bi’s. Together with (11.28),
we bound the r.h.s. of (11.29) as follows,

gl—4n—3%L

1129 < Y Y NGO TIAT @) (11.36)

t=1 sis+t>4

We claim that N (s, t) is bounded with the following lemma, which will be proved in next
subsection.

Lemma 19 For any N(«, s, {vy,...,v}), s+t >4 andt > 1, we have
IN(a, s, {v1,..., D] < ﬂt(%)ll\l%“(g_”)’“ (11.37)

Combining this Lemma with (11.36), we obtain

Ql—4r/—3%L

ths.of 11200 < Y 3 @0+ A

t=1 sis+t>4

Ql—4n—3%L

— Z Z (Qlfl()r]Al/4)s(Q17]017t3/4A|/4)t (1138)

t=1 sis+t>4

With the A we chose, o' ~'%A!/* is much less than one. Using the assumption s; < 1/2,
we have o!710713/4 A1/4 « 1. Therefore, we arrive at the desired result:

(11.29) < O(1) < 0*A (11.39)

O
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11.4 Proof of Lemma 19
‘We now prove Lemma 19.

Proof Since (B,y) € N(a, s, {vi, ..., v/}), we can express them as in the r.h.s. of (11.23),

(s+1)/2 Gs+0/2 )
p= ] Anlida,  y=[] A2 "2 (11.40)
i=1 i=1
Here u, i’s belong to P; and ¢q, ¢’s belong to Py. We note that for any 1 <i < (s +1)/2,
we have

{q2i-1, q2i} # ki, ko) and  {Goi_1, Goi} # (ks kal, (11.41)

otherwise (B, y) € M, (ky, ka, k3, ks), which contradicts with the assumption that (8, y) €
N(&asv{vlv ceey vt})'

From (11.14), one can see that the sets {q1, ..., gas+2:} 1S very close to {g1, ..., Gas+2:}>
ie.,

(g1, qosyar} — ki ka} =1{q1, - Gosrar} — (ks ka) (11.42)

Denote the common elements in sets {¢;} and {g;} by p1, p2, ..., ps+1—2. Then we have

{ai} ={ki, k2, p1. P2y -+ P52} (11.43)

{gi} = ks, ks, p1, P2y -+ Psgi—2} (11.44)

‘We now construct a graph with vertices {k;, k>, k3, k4, p;, 1 <i <s+t—2}. The edges of the
graphs are 8 edges (q2i-1, q2), 1 <i < (s+1)/2and y edges (g2j-1, q2;), 1 <i < (s+1)/2.
From (11.14), we know each k; (1 <i <4) touches one edge and each p; (1 <i <s+1—2)
touches two edges. Hence the graph can be decomposed into two chains and loops. Thus
there exist/, m; e Zand 0 <m; <m, < --- <m; =s +t such that

. ki <— pi <— pr <—> p3--- Pam,—1 <> ky (01 ky)
chains
k3 <> P2my < Pomy+1 " P2my—2 <> k2 (Or k4)
DPomy—1 <> Domy <> Domy+1°** P2mz)—2 <> P2my—1 (11.45)
loops

Pomj_1—1 <> P2my_y < P2my_1+1 """ P2(mp—2 < P2my_1—1

Here we have relabeled the indices of p and do not distinguish 8 edges and y edges. We
also disregard the obvious symmetry k; — k, and k3 — k4. Due to the condition (11.27) and
the facts Pp (B8, «) = P, (y, @) is non-trivial (Definition 5), the length of the loop must be 4
or more, i.e., each loop has at least 4 edges and 4 vertices, i.e,

mi_1+2<m; for3<i<l (11.46)
The inequality (11.41) implies m, > 2. Together with m; = (s 4+¢)/2 and (11.46), we obtain

I<(s+n/4+1, t>1. (11.47)
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Without loss of generality, we assume m; —m;_; is creasing withi > 3,i.e.,for3 <i < j <I
mi—mj_y <mj;—mj_, (1148)

Denote by N(«, s, {vi, ..., v}, 1, {my,...,m}) the set of all pairs (B, ) having the graph
above and we now estimate the number of elements of this set.

Using the notions W; = (wy;_1, wo;) and W,- = (W1, Wy;), we can add the information
between k;’s and p;’s into the graph as follows

W W W Win
k] (—1) D1 (—l> P2 <—2> D3 Damy—1 (—l> k4(01'k2)

Wml+l Wm1+l sz
3 <> Domy <> Domy+1° " Damy—2 <> ka(Or kg)

Winy+1 Wm2+1 Wm3 (11 49)
Pomy—1 <> P2my < P2my+1""" P2(m3)—2 <> Pamy—1 :

Wml_1+1 W"‘l—l‘H W’”l
Pomy_y =1 <> Pomy_y <> P2my_i+1° " P2mp—2 <> P2my_1—1>
, . s -, . . w
where w;’s are the union of s zero’s and {vy, ..., v;}, so are w’s. More specifically, if A <—

B appears in the graph and W = (C, D), then the operator Ai:g appears in (11.40). Since
the momentum is conserved, we have

Wi
A<«—B & A+B=wy_ |+ wy

so as W’s. With this relation, we can see that 8 and y is uniquely determined by the structure
of the graph, w;’s, w;’s and one k; or p; for each loop or chain.

To bound |N(a,s, {vi,..., v}, 1, {my,...,m})|, we note that the sum of momentum
(pi’s) in each loop is zero. Thus we can count the number of graphs as follows.

1. choose the positions of zeros in 8 edges. The total number of choices is less than 2%,

2. choose the positions of v; - - - v, in B edges. The total number of choices is ¢!.

3. choose the positions of zeros in y edges. The total number of choices is less than 2/
again.

4. choose the positions of v;---v, in y edges. We call a loop trivial if all the momenta
associated with y edges are zero. The number of trivial loops is at most s/4 since there
are at least two y edges(4 zero’s) per loop. Hence the number of non-trivial loops is at
least [ — s /4. Thus we only have to fix v in at most r — (I — s/4) edges and the number
of choices is at most ¢/~+$/4,

Thus, with the bound on £ in (11.47), we obtain
IN (e, s, {vr, ..., v b L {my, oo mi )]
< (const.)/ Tl U=HHs/4 (Q*"A)’

t/4+s/4+1 (1150)

< (const.) 1t G (97N
At last, with

IN(@.s. v ....oDI=D " Y IN(@.s. {vr.... v Lfmy. o mg))
1 {ml
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718 J. Yin

and

Z Z 1 < const.**, (11.51)
1

{my,...,m}

we complete the proof of (11.37). ]

12 Proofs of Lemmas 1, 2, 3
12.1 Proof of Lemma 1

The proof of Lemma 1 is standard and only a sketch will be given. We first construct an isom-
etry between functions with periodic boundary condition in A = [0, L]? and functions with
Dirichlet boundary condition in A* = [—¢, L + £]?, where L = o/ and ¢ = o—#1/120,
We note, by the definition of o* in (3.5),

|Ale =1A%|o" az.n

Denote the coordinates of x by x = (x(, x®, x®). Let h(x) supported on [—¢, L + £]*
be the function 7 (x) = g(x)g(x@)q(x®) where

cos[(x — £)m/44], x| <¢
1, L<x<L—-1¢

TOV=1 cosl(x — (L — ) /ae], |x—L| <t (12.2)
0, otherwise

The function ¢ (x) is symmetric w.r.t. x = L /2. Due to the property of cosine, for any func-
tion ¢ with the period L we have

f Ih (0 Pdx = / 16(012dx (123)
xe[—¢,L+e]3

xe[0,L]3
Thus the map ¢ —> h¢ is an isometry:
L]%eriodic ([0’ L]3) - L%)irichlet ([_E’ L + 5]3) .

Let x (x) be the characteristic function of the £-boundary of [—£, L + £]3, i.e., x(x) = 1 if
|x@| < ¢ for some a = 1, 2 or 3 where |x @] is the distance on the torus [—¢, L + £]°. Then
standard methods yield the following estimate on the kinetic energy of h¢

/ IV(hep)(x)?
xe[—¢,L+€]3

5/ |V (x)|* + const. e*z/x(x)|¢(x)|2 (12.4)
xe[0,L1?
The generalization of this isometry to higher dimensions is straightforward. Suppose
W(xy,...,Xy) is a function with period L. Here
N =|Alo=|A%o" (12.5)
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Then for any u € R?, the map

N
FUW) =W, xn) [ [ G+ ) (12.6)
i=1
is an isometry from le,eﬁodic([o, LPPY) to L%irichlet([—ﬁ —u, L +0—ul®™). Clearly, 7" has
the property (12.4).

The potential V can be extended to be periodic by defining V¥ (x — y) = V([x — ylp)
where [x — y]p is the difference of x and y as elements on the torus [0, L]. Since V is
nonnegative and has fast decay in the position space, we have V (x —y) < V*(x — y). From
the definition of F“, we conclude that

N N
| LE@rve - [Taos [ WPy e - [Tax
[—€—u,L+L—ul’

3N
i=1 [0.L] i=1

Therefore, the total energies of F*(¥) and W are related by

N
(Hy) puwy < (Hy)y +const. €723 (x(xi + 1))y (12.7)

i=1

We note F* is operator on pure states. It can be generalized to operator G* on states as
follows. For any state I'” of N particles in [0, L]® with periodic boundary condition, we
define

Gty .= 7P FEyt (12.8)

So '’ = G*(I'") is a state of N particles in [—£ — u, L + £ — u]* with Dirichlet boundary
condition. With (12.1), one can see

G :T" (0. A, B) = TP (0, A*, B) (12.9)
Using (12.7), we have:
N
Tr HyG"(I'?) < Tr Hy['* + const. £72 ZTrx(x,« +u)r’ (12.10)

i=1

Averaging over u € [0, L], we have
L-3/ (Tr HyG"(T'")) du < Tr HyI'" + const.¢~'L™'N (12.11)
So for any I'? there exists at least one u such that
Tr HyG“(I'?) §TrHNI’P+const.N(i> (12.12)

On the other hand, the fact F“((12.6)) is a isometry implies that G*(I'") and I'” have the
same von-Neumann entropy, i.e.,

S@G(rfy =8I’ (12.13)
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Combine (12.12) and (12.13), we obtain Af the free energy difference between G*(I'T)
and I'? is less than const. N (€L)~'. With the choice L = 0~*/%* and £ = o~*/1?°, the error
term is negligible to the accuracy we need in proving Lemma 1. This concludes the proof of
Lemma 1.

12.2 Proof of Lemma 2

It is not easy to define (construct) I'y (the state of N particles) directly. We start with con-
structing a state Iz in Fock space. Then pick up the useful component of I~ and revise it
to I'y.

First, let Bx be the standard basis of the Fock space F(A) as follows

Br= {|a> Hey=Ca [ @)*®10).atk) eNU {0}}, (12.14)
ke(FE)?3

where C, is a positive normalization constant. We define a revised ‘Bose’ statistics, i.e.,

1. The number of the particles in single particle state |k) is nonzero only when k € P; U Py
2. The number of the particles in single particle state |k), k € P, U P;, must be no more
than Cy, which will be chosen later.

With the definition of u in (2.9), we define "+ as the grand-canonical Gibbs state in this
revised ‘Bose’ statistics with the chemical potential (9, 8) < 0 and temperature T = 87,
where

o=0(1—L")=0(1-0("") (12.15)

and Cy is chosen as follows (Recall m, = o ~3")

(me)'3
Co=1 PEn KB (12.16)
me k e PL,
where Ey , is defined as k% — (0, B). We note that 8 = O(o~>/?) implies,
BE . Cr > 0(@™").

With these notations, we can write I' = as

Fr=C ) fula)el (12.17)

aeBr

where C is a constant and f,, is non-zero only when « (k) is supported on P; U Py and
ak)<Cy, kePUPL. (12.18)

If f, is non-zero,

fu= exp(— S (- n@. ) ﬂa(k)) = exp(— 3 Ek,uﬁa(k)) (12.19)
k

k

We claim that the state I" » in Fock space has the following properties:
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Lemma 20 The free energy per volume of T £ is bounded above by

f(Tx) = folo, BY(1 —0(0'?) (12.20)
In most cases, the total particle number of T r is less than N = oA, i.e.,

N
> Try, Mp=1-0 (12.21)

m=1

Here '} is the component of I'  on H,,, i.e.,
o0
Frp=Y @r%  [p:Hy— Hy (12.22)
m=0

Similarly, in most cases, the total particle number of I x is very close to min{g, o.} A, i.e.,
we have

> Try, T >1—0 (12.23)

Im—min{g.0c}Al<Ng!/3

Proof of Lemma 20 First, we prove (12.20), by the definition, the free energy of '+ is

-1 ePEkn — o= PEkuCr
ALZ, (o))

ke P UPy

- 1 1+ Cy
+ ) u(g,m(—eﬁm_l— > 76;3&_“@“)_1). (12.24)
keP UP; kePLUPy

With the definition of P; and P, adding the k ¢ P; U P, terms and bounding the C; terms,
one can easily check that (12.24) is equal to

eﬂEk,/L

—1 - 1
(7 Z log <7eﬂ‘5kvﬂ — l) + Z uo, ﬁ)ieﬁEk.u — 1)(1 +0(0'?)).

ke(ZL)3 k£0 ke(ZL)3 k20
(12.25)
Then with the choice L = o~#!/% and the definition of free energy f; in (2.7) and (2.8),
we have

(12.25) = fo(@, HIA(1 +0(2"?)) (12.26)

Combining this with o = o(1 + 0(0'/?)), we obtain the desired result (12.20).

Then we prove (12.21). Let n(k) denote the number of the particles in one-particle-
state |k). Then n (k) the average of n(k) is equal to Tra;ak I . By the definition, the average
total number of particles of I' £ is equal to

— 1 1
kePXIU:PL "= ke;& M1 kegu:f’, M#_l (1227
Similarly, with L = 0=*/%* and BE; ,C; > |log 0|, one can easily prove:
(12.27) = min{2. 0c(A)}A(1 + O(¢™"* L™ log))
= min{Q, 0.} A +0(NQ41/120) (12.28)
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On the other hand, we are going to use Hoeffding’s inequality to estimate ), n(k). Hoeffd-
ing’s inequality said, for independent X;’s, if they are bounded as

a; < X; —E(X;) < b (12.29)

where E(X;) is the expected value of X;, then

2
P(in—E<ZX,-) >t>§2exp<—L> (12.30)

Z,- (bi —a;)?
Since n(k)’s are independent random variables for different k’s and they are bounded in
(12.16), we can use Hoeffding’s inequality [5] to estimate the distribution of the total particle
number of I' . With n(k) < C; and Hoeffding’s inequality [5], we obtain that the probability
of finding more than N particles in I' = is bounded above by

_ N2
P<Zn(k) > N> < 2exp{——2[N Z"”(kz)] } (12.31)
% ZkEPIUPL C;

By the definition of C; (12.16), the denominator of the r.h.s. of (12.31) is bounded as:

Y =0 ALm}) (12.32)

kePyUPy,

On the other hand, with the fact 0 — 6 = oL ~"/? and (12.28), the numerator of the r.h.s. of
(12.31) is bounded below by

2
[N - Z@} = 0(0°LY) (12.33)
k

Inserting L = o~*!/%°, (12.32) and (12.33) into (12.31), we obtain the desired result (12.21).
And (12.23) can proved similarly with (12.28) and (12.32). O

By Lemma 20, there exists my < N such that
mog <N, |mo—minf{g,o}Al <0'°N (12.34)
and the free energy of I is less than fo(0, B)A(1 — 0(0'?)).
Then adding N —m (N = o A) particles with momentum zero into the system described

by 'z, we obtain a new state [y of N particles. The state 'y always has N — m, particles
with momentum zero. The free energy of Iy is also less than fy(o, B)A(1 —0(0'/?)), i.e.,

1
TH(=ATo) + 2.5T0) = fole. ﬂ)‘ A" <0(0%) (12.35)
Furthermore, by the definition of " =, 'y has the form:

Fo=) s(@Pla)el, a@=N-my and Y g =1 (12.36)

aeM aeM
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We note: if a(k) > Cy for some k € P; U P, then g, (o, B) = 0. This property implies that
the total number of the particles with momentum in P; is o(N). So we have

37> galo. Prak) < N. (12.37)

aeM ke Py

Together with the facts & (0) = N —my, (12.34) and « (k) < m, for @ € P, we obtain (3.24).
At last we prove (3.23). First with the structure of I'y, we have

1 1
Trygy 5 EVFO = Zga(g, ,3)<Ol|§V|Ol)
aeM

1
=Zga<g,ﬁ>< Y. VAT @k)? —a)
aeM kePyUPjUPL,
k#k'

+ Y (Vo+vk7kr)A—‘a<k)a<k’)> (12.38)

k,k'e PgUP;UPL

Using the smoothness of V and |k|, |k’| < 1, we can replace V;_; with Vj without changing
the leading term. Then with the cutoff C;’s, the fact «(0) = N — m and (12.34), we have

1
hm Tr - VFO

0—0

oL 1 2
o AT =5VW@ - [ = RIAI) (12.39)

Combine with (12.35), we obtain (3.23).

12.3 Proof of Lemma 3

Proof Since the states |a)’s € M are orthonormal, we can rewrite the entropy of I'y in
Lemma 2 as

SCo)=—)  galogga (12.40)
aeM
For S(I'), we define A, as

aeM

and rewrite I" as

M=Ay (12.41)
T v

With the fact TrT" = 1, i.e., Y _ g, = 1, we have

ST =—log Ao — A TrLXEA; (gﬁ; «/_«/_>] (12.42)

With the concavity of the logarithm, one can easily obtain

S(0) > —10g Ass — ) _ 84108 8o = —log Asg + S(I') (12.43)
aeM
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We claim the following lemma

Lemma 21
1
hm(log P AR A )WZO (12.44)
aeM
Insert this lemma into (12.43), we arrive at the desired result (3.31). O

12.3.1 Proof of Lemma 21

Proof With the fact: for any hermitian matrix M = M;;,
Moo < mf"‘{z |Mij|}
J
we can bound || Y, 4, [We) (W lllo as follows (recall M in Definition 2)

<max{ZZ| (BI1Wa) (Ve |y>|}

aeM o, epp

aeM

peM aeM

smax{Zumwan}-%{Zwmn}, (12.45)
yeM

With the fact W, is the linear combination of states in M, C M, and |B), |¥,) are normal-
ized, we claim

log<magﬁ{2 |<ﬁ|%>|}) <o!™h (12.46)

peM aeM

1—-4n—32¢, —4n—3scy
1og(%{2 |<y|%>|}) <o +o (12.47)

yeM

First, we prove (12.46). For any « € M and B € Ma, |(ﬂ|‘~IJ Y| # 0 implies [(B|W,)] < 1.
Then with the definition of M and Ma, ifeeM,fBe Mo,, we have

Bu)=oa(u) forue P,
Bu) <a() forue P (12.48)

a(m)=0 forue Py

and for any fixed small box Bi (i=1,2,...)1in P, B(u) is very close to a(u), i.e.,

D 1Bw) —a@)| <1 (12.49)

i
ueB;

Now let’s count, for fixed 8, how many o € M satisfy 8 € M, This number must be less
than the «’s satisfying (12.48) and (12.49). By the definition of B ’s, the total number of
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By ’s is less than const. o' =373 And for any B}, | B} | the number of the elements in B}
is less than const.0**L A. Therefore, for fix 8 € M, the total number of & € M satisfying
B € M, is less than

1-3n-35¢f

(const. 0¥ A) ™™ (12.50)

Together with the fact [(8|¥,)| < 1, we proved (12.46).
Then we prove (12.47). Similgrly, using the rule 2 of Definition 3, we can count, for fix
o € M, the total number of y € M, s.t. |(y|W,)| # 0 is less than

const. ! =337 ( const. 3173 H

(const. 93"LA) const. Q3%HA) (12.51)

which implies (12.47). Inserting (12.46) and (12.47) into (12.45), we obtain the desired
result (12.44). O

Appendix

Lemma 22 For any bound, non-negative, piecewise continuous function, spherically sym-
metric f supported in unit ball, there exist C*°, non-negative spherically symmetric function
fi, fa, ... supported in the ball of radius 2 such that for any n > 1,

Jo—f =0 and lim | f, — flli =0 13.1)

Proof First, we note, for any bound, non-negative, piecewise continuous function f sup-
ported in unit ball, there exist non-negative, continuous functions fi, f3, ... supported in
the ball of radius 1.5, such that

fo=f and lim | f,— flli —>0 (13.2)
n—o0o

Then we claim that for any fn, there exist C*, non-negative spherically symmetric function
Jaum (m=1,2,...) supported in the ball of radius 2, such that

fom= fuand - lim || fy = fumli =0 (13.3)
To prove Lemma 22, we can choose f, as fnmn , where m,, is defined as

o = min {m 2 1f, = Fonlly < 1o = £ (13.4)

It only remains to prove (13.3). Let g be a bound C* spherically symmetric function support
in the ball of radius 2 such that

8=0, lgllh=1 and g(x)=g(0)>0 for|x|<15 13.5)

And we define g,, as

8n(x) = m*g(mx) (13.6)
Then ||g,,||1 = 1. Furthermore, for fixed n
Jim ([ f % g = fulloo=0 and  Tim || £, % g — fulli =0 (13.7)
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and f, % g, are non-negative, C* spherically symmetric functions. Since f, is supported
on the ball of radius 1.5, we can choose f,,, as

L
8(0)

and complete the proof. ]

Fom = Fo % 8m+ — 1 fu % & — Fulloog (13.8)
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